Many experimenters, starting with Ernst Mach in 1883, have observed that if a device alternately sucks in and then expels a surrounding fluid, it moves in the same direction as if it only expelled fluid. This surprising phenomenon, which we call Machian propulsion, can be explained by the conservation of momentum, but many previous theoretical treatments have instead focused on the difference in the shapes of the outward and inward flows. Whereas the argument based on conservation is straightforward and complete, the analysis of the shape of the flows is more subtle and requires conservation in the first place. Our discussion covers three devices that have usually been discussed separately: the reverse sprinkler (also called the inverse, or Feynman sprinkler), the putt-putt boat, and the aspirating cantilever. We briefly mention some possible applications of Machian propulsion.
I. INTRODUCTION
In chapter III, section III of his 1883 text on mechanics, physicist and philosopher of science Ernst Mach analyzes the behavior of a "reaction wheel" (see Fig. 1 ) which alternately expels and then sucks in air, as the experimenter squeezes and then releases the hollow rubber ball. He observed that "the wheel [continues] to revolve rapidly in the same direction as it did in the case in which we blew into it." In other words, the effect of sucking a given volume of air does not cancel the effect of blowing it out. Indeed, Mach did not notice any motion of the reaction wheel when it was made to suck in air [1] . Similar observations were later made independently by others (e.g., [2, 3] ).
Mach's reaction wheel is a close analog of the so-called reverse (or inverse) sprinkler problem, made famous by Richard P. Feynman's bestselling book of reminiscences, published in 1985 [4] . As a graduate student at Princeton University in the early 1940's, Feynman attempted to determine which way a sprinkler would turn if it were submerged and made to suck in the surrounding water. His improvised experiment ended with the explosion, within the rooms of the university's cyclotron laboratory, of a large glass bottle filled with water. Figure 153a of Ernst Mach's Mechanik [1] . The two short arrows show the direction of the air expelled when the rubber ball is squeezed. The long arrow shows the direction in which the device turns. (Image in the public domain.) 1 For other accounts of this incident, see [5, 6] . Various experimental and theoretical analyses of the reverse sprinkler have established that it turns in the direction opposite to that of the regular sprinkler, but far more weakly.
In fact, were it not for the viscosity of the fluid, the reverse sprinkler would experience only a transient torque as the flow commences, and no torque at all in the steady state. This can be understood by invoking the conservation of (angular) momentum, as we shall review in Sec. II.
Another striking manifestation of the same underlying physics is the so-called putt-putt (or pop-pop) boat, which is a toy boat powered by a candle that heats the water inside a small internal tank filled with water and connected to a submerged exhaust (see Fig. 2 ). As the heat of the candle causes water to evaporate, the pressure of the steam pushes liquid out of the tank. When the toy is working properly, the heat of the flame is not intense enough for the steam to completely drive the liquid out of the tank. Instead, some of the steam quickly recondenses on the relatively cool tank walls, causing the pressure in the tank to drop and water to be drawn back through the exhausts. As the water level rises and less surface area on the tank walls is available for condensation, the pressure of the steam rises again. This leads to a cycle that propels the boat forward, and causes a noisy vibration that gives the toy its name. [7] Another instance of this same effect is seen in the behavior of cantilevered pipes. When such a pipe expels fluid, it is subject to a "garden-hose instability" which can lead to uncontrolled oscillations caused by the misalignment of the momentum of the outgoing fluid with the axis of the pipe (think of an unsupported garden hose running at full blast, as shown in Fig. 3 ). This instability is far less severe in the case of aspirating tubes, for the same reason that, for equivalent rates of flow, the torque on the reverse sprinkler is so much smaller than on the regular sprinkler. [11] Many theoretical treatments of these systems, starting with that of Mach himself, have emphasized the fact that the fluid expelled forms a narrow jet, whereas the flow sucked in "comes in from all directions," as shown schematically on Fig. 4 . This difference in the shape of the flows has often been adduced as an explanation of Machian propulsion, but, even though such an argument does establish that there is no time-reversal symmetry between aspiration and discharge, by itself it does not take us very far towards understanding the forces involved during each phase. In fact, we shall see that one should start from conservation of momentum in order to understand the flows.
Since, to our knowledge, Mach was the first to describe it clearly in print, we will use the term "Machian propulsion" to refer to the fact that a device that alternatively aspirates and discharges fluid moves in the same direction as a device that discharges it only. More generally, we will use the same term to refer to the smallness of the force (or torque) on the aspirating device, compared to one that discharges fluid at the same rate.
II. CONSERVATION OF MOMENTUM
Conservation of momentum provides the simplest and most reliable theoretical tool for understanding Machian propulsion. This argument first appeared in the literature in 1987, in a letter by Alton K. Schultz (a geophysicist), motivated by the reverse sprinkler problem.
[12]
Schultz's argument is as follows: as water flows out of a regular sprinkler, it carries away with it an ever increasing quantity of angular momentum about the sprinkler's pivot. If the sprinkler were operating in empty space, this angular momentum would be carried by the water expelled, as it moves away to infinity. For a sprinkler operating on the earth, this angular momentum is transferred from the water to the earth as the water hits the ground around the sprinkler.
By conservation of angular momentum, the sprinkler must therefore acquire an opposite angular momentum about its pivot. If the flow is steady, the amount of angular momentum in the water increases at a constant rate, and so the sprinkler must experience a constant torque in the opposite direction, which causes it to undergo an angular acceleration (until friction and air resistance balance that torque and the sprinkler stops accelerating).
The situation with the reverse sprinkler is very different. Initially, the water in the tank is still and carries no angular momentum about the sprinkler's pivot. As the pump is turned on and the flow of water is established, the water in the tank begins to acquire angular momentum, and the sprinkler must therefore experience a corresponding torque in the opposite direction, which makes it accelerate towards the incoming fluid.
The water that is sucked into the reverse sprinkler, however, does not end up carrying away with it any angular momentum: it transfers its angular momentum back to the sprinkler and leaves the tank without any angular momentum. In other words, in the reverse sprinkler's steady state, the total amount of angular momentum in the water is not growing:
it is a constant quantity, and therefore the reverse sprinkler experiences no torque in the steady state. When the flow of water stops, the sprinkler will experience a torque in the opposite direction to before, as it gives up its angular momentum and comes to rest.
Thus, if the reverse sprinkler moves without friction or resistance in a perfect fluid, it first accelerates towards the incoming water, then turns with constant angular velocity in its steady state, and finally comes to a stop when the flow of water is turned off. One complication which was not considered by Schultz but which is discussed in [14] , is that, since the water has some viscosity, not all of its steady-state angular momentum will be transferred to the sprinkler when the water leaves the tank. There will be some amount of water flow that does not enter the sprinkler head. The corresponding angular momentum will be transferred to the surrounding tank, and, with respect to the tank's frame of reference, the reverse sprinkler will appear to experience a small torque even in the steady state. This torque would tend to make the reverse sprinkler turn towards the incoming water, in the direction opposite to the rotation of the regular sprinkler.
All of these predictions are supported by experiment, though it would be desirable to rigorously test the dependence of the of the steady-state torque upon the viscosity of the fluid. 2 It is very simple to generalize this argument to explain the motion of the putt-putt boat, by considering the conservation of linear, rather than angular, momentum.
III. FORCES
The argument based on momentum conservation is correct and complete, but many published treatments, including our own in [14] , have tended to focus on computing the forces (or torques) acting on the device in question. 3 As explained in Sec. II of [14] , for the reverse sprinkler the relevant torques are produced by a "pressure difference effect," which imparts to the sprinkler an angular momentum that cancels that of the incoming fluid, and a "momentum transfer effect," by which the aspirated fluid transfers its angular momentum to the sprinkler as it leaves the tank.
However, as a reader (Lewis Mammel, Jr.) pointed out after [14] appeared in print, when deriving the magnitude of the "momentum transfer" effect, we failed to take into account that the cross-section of a fluid flow does not, in general, remain constant when the fluid accelerates due to a pressure gradient [19] . For instance, it is clear that an incompressible fluid cannot maintain a constant cross-section A if its speed v is increasing along the direction of the flow, since continuity requires
and, by Bernoulli's theorem, for an ideal fluid with density ρ,
The conservation argument described in Sec. II makes us confident that the results derived in [14] are valid, but the simplified treatment of the forces that was presented there does not account for the fact that the shape of the flow can, in practice, be quite complicated. Mach, for instance, claims in [1] that the behavior of the reaction wheel of Fig. 1 "results partly from the difference in the motion which the air outside the tube assumes in the two 3 Earlier works on this subject, which shows a gradual evolution in the understanding of the reverse sprinkler, include [15, 16, 17, 18] . 4 Some comments about this were included in the version of [14] that appears in chapter 6 of [20] . cases. In blowing, the air flows out in jets [. . . ] In sucking, the air comes in from all sides, and has no distinct rotation." James Gleick, in his bestselling biography of Feynman, also explains the behavior of the reverse sprinkler in terms of different shapes on the in-and outflows [8] . In their treatment of the putt-putt boat, Finnie and Curl explain that device's propulsion in terms of the shapes of the flows, but are forced to admit that it is possible to deform the flows by placing a nozzle in the mouth of the exhausts, which makes their argument obscure [7] . The authors of [9] even claim that the fact that "a candle can be put out by blowing, but not by sucking" (which is a consequence of the omni-directionality of the inflow, compared to the narrow directionality of the outflow) is equivalent to the phenomenon of Machian propulsion.
The distinct shapes of the out-and inflows, as shown in Fig. 4 , does strikingly illustrate the fact that aspiration is very different from the time-reversed picture of discharge. This observation, however, is not enough to explain with precision how Machian propulsion works, as we will explain in Sec. IV.
IV. FLOW SHAPES
For the sake of readers without a strong background in fluid mechanics, we will begin by reviewing the derivation of the so-called efflux coefficient (also called the "coefficient of discharge") for a re-entrant discharge tube. In section 40-3 of his Lectures on Physics, Feynman calls the derivation of this result "most beautiful," but then gives us "just a hint" of how the argument goes [21] . Here we will fill in the details.
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Consider the steady motion along a flow tube, defined by by set of adjacent streamlines, as shown in Fig. 5 . For an irrotational fluid with density ρ, we see that -per unit time-a momentum ρv 2 2 A 2 flows out while a momentum ρv 2 1 A 1 flows in, so that the fluid is gaining momentum at a rate: dp dt
This must therefore be the net force acting on the fluid as it moves down the flow tube.
Consider now a re-entrant discharge tube on a tank, as shown in Fig. 6(a) . This setup has the nice feature that the velocity of the fluid everywhere near the walls of the tank is negligible. The net horizontal force that accelerates the fluid into the discharge tube must come, originally, from a solid wall pushing on the fluid next to it. The pushing from opposite sides of the tank wall (e.g., from regions R and R ′ in Fig. 6(a) ) cancels. The only net force therefore comes from the section directly opposite to the mouth of the discharge tube, with area A.
Thus, the net force accelerating the fluid is F = P A, where P is the hydrostatic pressure on the fluid next to the wall opposite to the mouth of the tube (relative, of course, to the atmospheric pressure outside). This must also be equal to the rate at which momentum is pouring out of the tank, so that, by Eq. (3)
Meanwhile, by Bernoulli's theorem,
which implies that
so that the efflux coefficient in this case is exactly 1/2.
The efflux coefficient measured for a discharge hole, as shown in Fig. 6(b) , is greater than 1/2, because the fluid next to the wall regions above and below the hole is not at rest and therefore has a lower pressure than the fluid on the opposite side of the tank wall. In 5 See also, e.g., [22] . Fig. 6(b) , the push exerted by region R is less than the push exerted by R ′ , so that the net horizontal force on the fluid is
Experimentally, a/A ≃ 0.62.
This simple discussion provides us with the conceptual tools needed to understand the shape of the flows shown schematically in Fig. 4 . For the outflow, the fluid contracts into a narrow jet as it leaves the tube, for the reasons that we have just explained. In the case of the inflow, fluid comes in from all sides into the mouth of the tube, then forms a so-called vena contracta, where the cross section of the flow is smallest. The same argument used for the re-entrant discharge tube of the tank now serves to show that the cross-section of the vena contracta is exactly half of the cross section of the tube, for an ideal fluid.
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After the vena contracta, the jet expands to fill the tube, with the streamlines finally becoming parallel to the sides of the tube, as shown in Fig. 4(b) . This expansion of the jet occurs as the fluid slows down due to friction with the surrounding fluid, and is therefore a dissipative effect, which invalidates Bernoulli's theorem. 7 For an incompressible fluid, 6 This behavior was first described experimentally by Jean-Charles de Borda in 1766 and for this reason the re-entrant discharge tube is also called a "Borda mouthpiece." [23] 7 The loss of mechanical energy due to the sudden expansion of a flow is described by the so-called BordaCarnot relation (see, e.g., [24] ).
As an ideal fluid moves past the vena contracta region, with speed v C , and into the parallel flow region, with speed v P = v C /2, it loses momentum at a rate Aρv 2 P , as derived in Eq. (8) . This must result from the force exerted by the tube wall, and therefore the pressure difference
continuity requires that the speed v P at the parallel flow region be half of the speed v C at the vena contracta. By Eq. 3, the fluid between these two regions must be experiencing a net horizontal force
Since this force must be coming from the pushing of an inner tube wall (see Fig. 7 ), the pressure difference between the fluid in the parallel flow region and the fluid at rest on the other side of the tube wall, must be ρv 2 P . This result implies that the rate of loss of the momentum carried by the fluid as it passes beyond the vena contracta region -which, by conservation, is the rate at which momentum is being transferred to the tube wall-is equal but opposite to the force exerted by the pressure difference on the sides of that wall. This is precisely the cancellation between the "pressure difference effect" and the "momentum transfer effect" described in [14] , except that we now understand how this is reconciled with the complicated shape of the inflow.
For instance, in [7] the authors correctly explain the Machian propulsion of the puttputt boat by computing the forces acting of the device over the course of one period of the oscillation of the internal pressure. Unsatisfied with the intuitiveness of their mathematical argument, they then present a "physically more understandable" argument, based on the vena contracta of the inflow. This argument is also correct, but it hardly seems more illuminating, since a nozzle on the tube could prevent a vena contracta from forming, but would not prevent Machian propulsion. Furthermore, the argument based on the vena contracta tacitly depends on momentum conservation, which is sufficient to understand Machian propulsion anyway.
It is therefore misleading to seek to explain Machian propulsion by starting from the shapes of the flows, and a number of errors have been made in the literature by proceeding along those lines. For a given P A (and, therefore, for a given rate of mass flow in or out of the tube) the momentum carried by the flow is the same whether the fluid is being sucked in or blown out. The fact that the inflow, before reaching the mouth of the tube, is so much broader and that it involves a lot of motion perpendicular to the axis of the tube -and which therefore does not contribute to the total momentum-only reflects the fact that it takes more energy to maintain a given rate of flow by sucking than it does by blowing. This extra energy goes into sustaining turbulence and other dissipative effects.
V. POSSIBLE APPLICATIONS
The fact that there continues, to this day, to be significant confusion in the scientific literature about what we have called Machian propulsion, probably reflects the fact the so far it has been a curiosity of limited practical relevance. Here we would like to mention, however, some ways in which it might be useful. This is a review of the work of others, and does not reflect any original research on our part.
The putt-putt boat is powered by a very inefficient engine, suitable only for a toy: according to [7] , the ratio of propulsion work to the energy dissipated by the motion of the fluid in the exhausts, is about 0.1. On top of that, the maximum thermodynamic efficiency of the mechanism is very low because the steam is produced and then recondensed inside the same chamber, and therefore at almost the same temperature.
The authors of [9] , however, have recently proposed an interesting application for Machian propulsion: a small cavity with one opening (see Fig. 8 ), can be filled with a bubble of air and then placed in a surrounding fluid. The pressure of the bubble can then be made to oscillate by subjecting it to an ambient sound field. This very simple device can therefore be powered remotely, and could conceivably be useful for moving inside living tissue.
The garden-hose instability is an important engineering problem, with major implications, for instance, in oil exploration [25] . 8 Understanding the behavior of pipes that suck in fluid instead of expelling it is also potentially relevant to the operation of the machinery used in mining materials from the bottom of the ocean, as discussed, e.g., in [11, 26] . The sort of arguments made in [14] and refined here make it clear that no complicated computer simulations are necessary in order to understand the basic physics involved.
Of all the devices related to Machian propulsion, the reverse sprinkler has received the most attention in the physics literature, but this might be just a historical accident, con- 
